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W e presen t a mo del for the self-organized formation of place cells, head-direction cells, and spatial

view cells in the hipp o campal formation based on unsup ervised learning on quasi-natural visual stim uli.

The mo del comprises a hierarc h y of Slo w F eature Analysis (SF A) no des, whic h w ere recen tly sho wn

to b e a go o d mo del for complex cells in the early visual system (Berk es and Wisk ott, 2005). The

system extracts a distributed grid-lik e represen tation of p osition and orien tation, whic h is transco ded

in to a lo calized place �eld, head direction, or view represen tation, resp ectiv ely , b y sparse co ding. The

t yp e of cells that dev elops dep ends solely on the relev an t input statistics, i.e. the mo v emen t pattern of

the sim ulated animal. The n umerical sim ulations are complemen ted b y a mathematical analysis that

allo ws us to accurately predict the output of the top SF A la y er.

1 In tro duction

The brain needs to extract b eha viorally relev an t information from sensory inputs in order to successfully

in teract with the en vironmen t. P osition and head orien tation of an animal in the space surrounding

it is part of this relev an t information. Neural represen tations of a ro den t's spatial p osition - termed

plac e c el ls - ha v e b een found more than 35 y ears ago in hipp o campal areas CA1 and CA3 (O'Keefe

and Dostro vsky, 1971), correlates of head orien tation - termed he ad-dir e ction c el ls - t w en t y y ears

later (T aub e et al., 1990) , and recen tly non-lo calized represen tations termed grid c el ls w ere found in

en torhinal cortex (EC) of rats (Hafting et al., 2005). While primates also ha v e head-direction cells, no

place cells w ere found in primates y et. Instead, they ha v e sp atial view c el ls, whic h do not enco de the

animal's o wn (idiothetic) p osition but �re whenev er the animal views a certain part of the en vironmen t

(Rolls, 1999, 2006).

All of these cells selectiv ely enco de some asp ects of p osition and/or orien tation of the animal, while

b eing in v arian t to others. Head-direction cells are strongly selectiv e for the direction of the animal's

head and largely in v arian t to its p osition (Sharp et al., 2001). They t ypically ha v e a single p eak

of activit y with a Gaussian or triangular shap e and a tuning width of roughly 60�
to 150�

(T aub e

and Bassett, 2003) dep ending on brain area. In con trast, most place cells recorded in op en �elds are

in v arian t to head direction while b eing selectiv e for the animal's p osition. In terestingly , the degree of

orien tation-in v ariance dep ends on the b eha vioral task of of the animal and p ossibly on the structure
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of the en vironmen t. In linear trac k en vironmen ts and for rep eated linear paths in op en en vironmen ts

most place cells are orien tation-sp eci�c (Markus et al., 1995). Grid cells in en torhinal cortex also

exhibit conjunctiv e represen tations of p osition and orien tation (Sargolini et al., 2006). Spatial view

cells in primates sho w v ery di�eren t �ring prop erties. These cells are neither p osition-in v arian t nor

orien tation-in v arian t but �re when a certain part of the en vironmen t is in the animal's �eld of view,

resem bling head-direction cells for the case of an in�nitely distan t view. Figure 1 illustrates the

di�erence b et w een grid cells, place cells, head-direction cells and spatial view cells.

Figure 1: Spatial and orien tation tuning of an idealized grid cell (A), place cell (B), head-

direction cell (C) and a spatial view cell (D). The activit y of a grid cell is mostly orien tation-

in v arian t and not spatially lo calized but rep eats in a hexagonal grid, whereas a place cell is also

orien tation-in v arian t but spatially lo calized. The activit y of a head-direction cell sho ws a global direc-

tion preference but is spatially in v arian t, and the spatial view cell is maximally activ e when a sp eci�c

view is �xated (indicated b y 'x') with an amplitude that is indep enden t of spatial p osition.

Throughout this pap er, oriosp atial c el ls will b e used as a sup erordinate term for place cells, grid

cells, head-direction cells, and spatial view cells. While the precise role of these oriospatial cells is still

discussed, they probably form the neural basis for the abilit y of an animal to self-lo calize and na vigate

(Knierim et al., 1995).

Stim uli a v ailable to oriospatial cells can b e classi�ed as either idiothetic , including motor feedbac k,

proprio ception, and v estibular input, or as al lothetic , whic h includes all information from sensors ab out

the external en vironmen t, e.g. vision or olfaction. While place cells are in�uenced b y sev eral mo dalities

they seem to b e driv en primarily b y visual input (e.g. Je�ery and O'Keefe, 1999), but since their �ring

prop erties remain stable in the absence of external sensory cues for sev eral min utes, proprio ceptiv e

stim uli m ust pla y a ma jor role for place cell �ring as w ell (Sa v e et al., 2000). Ev en in complete absence

of allothetic sensory information an animal can in tegrate idiothetic self-motion cues to estimate its

p osition and orien tation in space. This pro cess, called p ath inte gr ation (or dead rec k oning), inheren tly

accum ulates errors o v er longer time scales, whic h can only b e corrected b y allothetic information. F or

the head-direction cells it is commonly assumed that idiothetic input from the v estibular system is

dominan t (e.g. Sharp et al., 2001), but lik e place cells they need external sensory stim uli to correct for

drift.

W e in tro duce here a mo del for the self-organized formation of hipp o campal place cells, head-

direction cells, and spatial view cells based on unsup ervised learning on quasi natural visual stim uli.

Our mo del has no form of memory and receiv es ra w high-dimensional visual input. The former means

that our mo del cannot p erform path in tegration, the latter means that p ositional information has to

b e extracted from complex images. While suc h a mo del can certainly not b e a complete mo del of
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oriospatial cells, it can sho w ho w far a memoryless purely sensory-driv en system can mo del oriospatial

cells already . The learning rule of the mo del is based on the concept of slo wness or temp oral stabilit y ,

whic h is motiv ated b y the observ ation that ra w sensory signals (lik e a camera's individual pixel v alues)

t ypically v ary m uc h more quic kly than some b eha viorally relev an t features of the animal or its en vi-

ronmen t, lik e the animal's p osition in space. By extracting slo wly v arying features from the sensory

input one can hop e to obtain a useful represen tation of the en vironmen t. This slowness principle forms

the basis for a v ariet y of learning rules (e.g. Földiak, 1991; Mitc hison, 1991; Stone and Bra y, 1995).

The implemen tation used here is Slow F e atur e A nalysis (SF A) as in tro duced b y Wisk ott (Wisk ott,

1998; Wisk ott and Sejno wski, 2002). F or a giv en set of time-dep enden t training data, in our case video

sequences, w e are lo oking for a nonlinear scalar function from a giv en function space that generates

the slo w est p ossible output signal y(t) when applied to the training data. The slo wness of the signal is

measured in terms of its � -v alue, whic h is giv en b y the mean square of the signal's temp oral deriv ativ e

(see section 2). As small � -v alues corresp ond to slo wly v arying signals, the ob jectiv e is to �nd the

function that minimizes the � -v alue. T o a v oid the trivial constan t solution, the signal is required to

ha v e unit v ariance and zero mean. F urthermore, w e can �nd a second function that optimizes the

ob jectiv e under the additional constrain t that its output signal is uncorrelated to the �rst, a third

function, whose output is uncorrelated to the �rst t w o signals and so on. In this manner w e generate

a sequence of functions with increasing � -v alue that extract slo wly v arying features from the training

data. More details on the approac h as w ell as its mathematical formalization can b e found in section 2.

SF A has b een successfully applied as a mo del for the self-organized formation of complex cell

receptiv e �elds in primary visual cortex (Berk es and Wisk ott, 2005). Here, w e em b ed this approac h

in a biologically inspired hierarc hical net w ork of visual pro cessing of a sim ulated rat where eac h la y er

learns the slo w est features from the previous la y er b y SF A (see exp erimen tal metho ds in section 3). W e

�nd that the output of the highest la y er p erforming SF A forms a distributed oriospatial represen tation.

In a subsequen t linear step the mo del applies a mec hanism for sparse co ding resulting in lo calized

oriospatial co des. The same mo del in the same en vironmen t can repro duce the �ring c haracteristics

of place cells, head-direction cells, and spatial view cells, dep ending solely on the mo v emen t statistics

of the sim ulated rat. F or roughly uncorrelated head direction and b o dy mo v emen t, the system learns

head-direction cells or place cells, dep ending on the relativ e sp eed of head rotation and b o dy mo v emen t.

If the mo v emen t statistics is altered suc h that sp ots in the ro om are �xated for a while during sim ulated

lo comotion, the mo del learns spatial view cell c haracteristics.

W e in tro duce a mathematical framew ork in section 4 that analytically explains the results of the

SF A output. The mathematically less inclined reader ma y consider skipping this section. Both ana-

lytical and computer sim ulation results are presen ted in section 5.

W e conclude that a purely sensory-driv en mo del can capture the k ey prop erties of sev eral ma jor

cell t yp es asso ciated with spatial co ding, namely place cells, head-direction cells, spatial view cells,

and to some exten t grid-cells.

2 Slo w F eature Analysis

Slo w F eature Analysis solv es the follo wing learning task: Giv en a m ultidimensional input signal w e

w an t to �nd instan taneous scalar input-output functions that generate output signals that v ary as

slo wly as p ossible but still carry signi�can t information. T o ensure the latter w e require the output

signals to b e uncorrelated and ha v e unit v ariance. In mathematical terms, this can b e stated as follo ws:

Optimization problem : Given a function sp ac e F and an I-dimensional input signal x(t) �nd a
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set of J r e al-value d input-output functions gj (x) 2 F such that the output signals yj (t) := gj (x(t))

minimize �( yj ) := h_y2
j i t (1)

under the c onstr aints

hyj i t = 0 (zer o me an), (2)

hy2
j i t = 1 (unit varianc e), (3)

8i < j : hyi yj i t = 0 (de c orr elation and or der), (4)

with h�it and _y indic ating temp or al aver aging and the derivative of y , r esp e ctively.

Equation (1) in tro duces the � -v alue, whic h is a measure of the temp oral slo wness of the signal

y(t) . It is giv en b y the mean square of the signal's temp oral deriv ativ e, so small � -v alues indicate

slo wly v arying signals. The constrain ts (2) and (3) a v oid the trivial constan t solution and constrain t

(4) ensures that di�eren t functions gj co de for di�eren t asp ects of the input.

It is imp ortan t to note that although the ob jectiv e is slo wness, the functions gj are instan taneous

functions of the input, so that slo wness cannot b e enforced b y lo w-pass �ltering. Slo w output signals

can only b e obtained if the input signal con tains slo wly v arying features that can b e extracted b y the

functions gj , whic h are computed instan taneously for a giv en input.

In the computationally relev an t case where F is �nite-dimensional the solution to the optimization

problem can b e found b y means of Slo w F eature Analysis (Wisk ott and Sejno wski, 2002; Berk es and

Wisk ott, 2005). This algorithm, whic h is based on an eigen v ector approac h, is guaran teed to �nd

the global optim um. More biologically plausible learning rules for the optimization problem, b oth for

graded resp onse and spiking units exist (Hashimoto, 2003; Sprek eler et al., 2007).

If the function space is in�nite-dimensional, the problem requires v ariational calculus and will

in general b e di�cult to solv e. In section 4 w e demonstrate that the optimization problem for the

high-dimensional visual input, as faced b y the hierarc hical mo del, can b e reform ulated for the lo w-

dimensional con�gural input of p osition and orien tation. In this case, the v ariational calculus approac h

b ecomes tractable and allo ws to mak e analytical predictions for the b eha vior of the full mo del.

3 Exp erimen tal metho ds

The outcome of an unsup ervised learning rule, suc h as Slo w F eature Analysis, is crucially determined

b y the statistics of the training data. As w e w an t to sho w that oriospatial cells can b e learn t from

ra w sensory stim uli, w e appro ximate the retinal stim uli of a rat b y video sequences generated in a

virtual-realit y en vironmen t. The input statistics of the training data are th us join tly determined b y

the structure of the virtual-realit y en vironmen t and the mo v emen t pattern of the sim ulated rat. As this

video data is v ery high-dimensional, nonlinear SF A in a single step is computationally infeasible. T o

o v ercome this problem, the mo del is organized as a hierarc h y of SF A no des in analogy to the hierarc h y

of the brain's visual system (see �gure 2C).

Sim ulated en vironmen ts

Man y exp erimen tal place �eld data w ere recorded either in a linear trac k or in an op en �eld apparatus.

F or our sim ulations w e use a linear trac k of 10:1 side length, and a rectangular op en �eld of 3:2 side

length. W e ha v e also sim ulated radial mazes (e.g. plus or 8-arm mazes) as a third apparatus t yp e but

they can b e considered as a com bination of an op en �eld in the cen ter with linear trac ks extending

from it and sim ulation results for this t yp e will not b e presen ted here.
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The input data consists of pixel images generated b y a virtual-realit y system based on Op enGL

with textures from the Vision T exture Database (Picard et al., 2002). The virtual rat's horizon tal �eld

of view is 320�
(see �gure 2A for a top view of the en vironmen t, and �gure 2B for a t ypical rat's view

from this en vironmen t) and consisten t with that of a biological rat (Hughes, 1978). The v ertical �eld

of view is reduced to 40�
b ecause outside this range usually only unstructured �o or and ceiling are

visible. An input picture has 40 b y 320 color pixels (R GB, 1pixel/

�
). The input dimensionalit y for the

system is th us 38400, while the dimensionalit y of the in teresting oriospatial parameter space is only

three-dimensional (x- and y-p osition and orien tation).

Mo v emen t patterns of the virtual rat

As an appro ximation of a rat's tra jectory during exploration in place �eld exp erimen ts w e sim ulate

Bro wnian motion on the three-dimensional parameter space of p osition and orien tation. The virtual

rat's p osition pos(t) at eac h time step t is up dated b y a w eigh ted sum of the curren t v elo cit y and

Gaussian white noise noise with standard deviation vr . The momen tum term m can assume v alues

b et w een zero (massless particle) and one (in�nitely hea vy particle), so that higher v alues of m lead to

smo other tra jectories and a more homogeneous sampling of the apparatus in limited time. When the

virtual rat's mo v emen t w ould tra v erse the apparatus b oundaries, the curren t v elo cit y is halv ed and an

alternativ e random v elo cit y up date is generated, un til a new v alid p osition is reac hed (see table 1).

currentVelocity = pos(t) - pos(t - 1);

repeat

noise = GaussianWhiteNo ise 2d () * vr;

pos(t + 1) = pos(t) + m * currentVelocity + (1 - m) * noise;

if not isInsideApparatu s(p os (t + 1))

currentVelocity = currentVelocity / 2;

end

until isInsideApparatu s( po s(t + 1))

T able 1: Pseudo co de for the computation of the translational mo v emen t for the virtual rat's path.

W e call the standard deviation (normalized b y ro om size L ) of the noise term tr anslational sp e e d

vr and the standard deviation of head direction tra jectory r otational sp e e d v� . On long timescales

and with �nite ro om size this t yp e of mo v emen t appro ximates homogeneous p osition and orien tation

probabilit y densities, except at the apparatus b oundaries where a high momen tum term can increase

the p osition probabilit y . W e call the ratio of rotational to translational sp eed v� =vr the r elative

r otational sp e e d vrel .

The actual c hoice of vrel is based on the rat's b eha vior in di�eren t en vironmen ts and b eha vioral

tasks. In linear trac k exp erimen ts the rat's mo v emen t is essen tially one-dimensional and the animal

rarely turns on mid-trac k but instead mostly at the trac k ends. A ccordingly , w e use a large momen tum

term, so that the virtual rat often translates smo othly b et w een trac k ends and rarely turns on mid-

trac k. In the op en �eld, on the other hand, full t w o-dimensional mo v emen t and rotation is p ossible, but

the actual statistics dep ends on the b eha vioral task at hand. W e mimic k the common p ellet-c hasing

exp erimen t (Markus et al., 1995) b y using isotropic t w o-dimensional translational sp eed and setting

vrel to a relativ ely high v alue. Three di�eren t mo v emen t paradigms are explored in the follo wing:

simple movement , r estricte d he ad movement and sp atial view . In the simple movement paradigm head

orien tation and b o dy mo v emen t are completely indep enden t, so that head direction can b e mo deled
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with unrestricted Bro wnian motion. In the r estricte d he ad movement paradigm the head direction is

enforced to b e within 90 degrees from the direction of b o dy mo v emen t (see table 2).

repeat

noise = GaussianWhiteNo ise 1d () * vphi;

phi(t + 1) = phi(t) + m * (phi(t) - phi(t - 1)) + (1 - m) * noise;

until isHeadDirWithin9 0D eg OfM ov em ent Di r( pos (t + 1) - pos(t), phi(t + 1))

T able 2: Pseudo co de for the computation of the head direction on the virtual rat's path in the restricted

head mo v emen t paradigm.

This constrain t implicitly restricts the range of p ossible relativ e sp eeds: while it is still p ossible to

ha v e arbitrarily high relativ e rotational sp eed b y turning often or quic kly , v ery lo w relativ e rotational

sp eed cannot b e ac hiev ed an ymore in �nite ro oms. T ypically , if the rat reac hes a w all, it has to

turn. Th us the maxim um tra v el length for a full turn is roughly the circumference of the apparatus,

resulting in a lo w er b ound for the relativ e rotational sp eed vrel . In order to generate input sequences

with lo w er vrel one w ould ha v e to discard p erio ds with dominan t rotations from the input sequence. F or

a biological implemen tation of suc h a mec hanism the rat's lim bic system could access the v estibular

rotational acceleration signal in order to do wnregulate the learning rate during quic k turns. W e

will refer to this mec hanism as le arning r ate adaptation (LRA). A third mo v emen t statistics can b e

generated if w e assume that an animal �xates ob jects or lo cations in the ro om for some time while

mo ving around. During this p erio d the animal �xates a sp eci�c lo cation L in the ro om, i.e. it alw a ys

turns its head in to the direction of L , indep enden t of its p osition. W e implemen t L as a �xation p oin t

on the w all and c hange its p osition with a similar statistics (and lo w vrel ) as the head direction in

the other paradigms. In this paradigm b oth p osition and orien tation are dep enden t and v ary rather

quic kly , while the p osition of L c hanges slo wly . W e call this mo v emen t pattern sp atial view paradigm

and suggest that it is a more appropriate description of a primate's mo v emen t pattern than the previous

t w o.

Mo del arc hitecture

Our computational mo del consists of a con v erging hierarc h y of la y ers of SF A no des and a single

�nal sparse co ding no de (see �gure 2C). Eac h SF A no de �nds the slo w est output features from its

input according to the SF A learning rule giv en in section 2 and p erforms the follo wing sequence of

op erations: linear SF A for dimensionalit y reduction, quadratic expansion with additiv e Gaussian white

noise, another linear SF A step for slo w-feature extraction, and clipping of extreme v alues at � 4 (see

�gure 2D). E�ectiv ely , a no de implemen ts a subset of full quadratic SF A. The clipping remo v es extreme

v alues that can o ccur on test data v ery di�eren t from training data.

In the follo wing, the part of the input image that in�uences a no de's output will b e denoted as its

r e c eptive �eld . On the lo w est la y er the receptiv e �eld of eac h no de consists of an image patc h of 10 b y

10 pixels with 3 color dimensions eac h. The no des form a regular (i.e. non-fo v eated) 7 b y 63 grid with

partially o v erlapping receptiv e �elds that join tly co v er the input image of 40 b y 320 pixels. The second

la y er con tains 2 b y 15 no des where eac h receiv es input from 3 b y 8 la y er 1 no des with neigh b oring

receptiv e �elds, resem bling a retinotopical la y out. All la y er 2 output con v erges on to a single no de in

la y er 3, whose output w e call SF A-output. Th us the hierarc hical organization of the mo del captures

t w o imp ortan t asp ects of cortical visual pro cessing: increasing receptiv e �eld sizes and accum ulating

computational p o w er at higher la y ers.
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The net w ork's SF A-output is subsequen tly fed in to a �nal computational no de that p erforms linear

sparse co ding, either b y applying indep enden t comp onen t analysis (w e use CuBICA whic h is based on

the diagonalization of third and fourth order cum ulan ts (Blasc hk e and Wisk ott, 2004)) or b y p erforming

comp etitiv e learning (CL). The top-la y er output will b e called ICA-output , or CL-output . ICA applied

to non-lo calized grid-cell inputs �nds sparser co des than CL, but the latter is biologically more realistic.

More details on di�eren t approac hes for sparse co ding of grid-cell input can b e found in (F ranzius et al.,

2007).

The net w ork is implemen ted in Python using the MDP to olb o x (Berk es and Zito, 2005) and the

co de is a v ailable up on request.

Figure 2: Mo del Arc hitecture. A t a giv en p osition and orien tation of the virtual rat (arro w) in

the naturally textured virtual-realit y en vironmen t (A), input views are generated (B), and pro cessed

in a hierarc hical net w ork (C). The lo w er 3 la y ers p erform the same sequence (D) of linear SF A (for

dimensionalit y reduction), expansion, additiv e noise, linear SF A (for feature extraction), and clipping,

the last la y er p erforms sparse co ding (either ICA or CL).

Mo del training

The la y ers are trained subsequen tly from b ottom to top on di�eren t tra jectories through one of the

sim ulated en vironmen ts. F or computational e�ciency w e train only one no de with stim uli from all

no de lo cations in its la y er and replicate this no de throughout the la y er. This mec hanism e�ectiv ely

implemen ts a w eigh t sharing constrain t. Ho w ev er, the system p erformance do es not critically dep end

on this mec hanism. T o the con trary , individually learned no des impr ove the o v erall p erformance.

In analogy to a rat's brain, the lo w er t w o la y ers are trained only once and are k ept �xed for all

sim ulations presen ted here (lik e the visual system, whic h remains rather stable for adult animals).

Only the top SF A and ICA la y er are retrained for di�eren t mo v emen t statistics and en vironmen ts. F or

our sim ulations w e use 100.000 time p oin ts for the training of eac h la y er. Since training time of the

en tire mo del on a single PC is on the order of m ultiple da ys, the implemen tation is parallelized and

training times th us reduced to hours. The sim ulated rat's views are generated from its con�guration

(p osition and orien tation) with �oating p oin t precision and are not arti�cially discretized to a smaller

con�guration set.
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Analysis metho ds

The highly nonlinear functions learned b y the hierarc hical mo del can b e c haracterized b y their out-

puts on the three-dimensional con�guration space of p osition and head direction. W e will call t w o-

dimensional sections of the output with constan t (or a v eraged) head direction sp atial �ring maps and

one-dimensional sections of the output with constan t (or a v eraged) p osition orientation tuning curves .

F or the sparse co ding results with ICA the otherwise arbitrary signs are c hosen suc h that the largest

absolute resp onse is p ositiv e.

The sensitivit y of a function f to spatial p osition r will b e c haracterized b y its mean p osi-

tional v ariance � r , whic h is the v ariance of f (r; � ) with resp ect to r a v eraged o v er all head di-

rections � : � r (f ) = hv ar r (f (r; � )) i � . Corresp ondingly , the sensitivit y of a function f to head di-

rection � will b e c haracterized b y its directional v ariance � � a v eraged o v er all spatial p ositions r :

� � (f ) = hv ar � (f (r; � )) i r . A p erfect head-direction cell has no spatial structure and th us a v anishing � r

and p ositiv e � � , while a p erfect place cell has p ositiv e � r due to its spatial structure but no orien tation

dep endence and th us a v anishing � � .

4 Theoretical metho ds

Considering the complexit y of the computational mo del presen ted in the last section, one migh t exp ect

that it w ould b e imp ossible to mak e an y analytical statemen t ab out the mo del's b eha vior. Ho w ev er, in

this section w e in tro duce a mathematical framew ork that actually allo ws us to mak e detailed predictions

dep ending on the mo v emen t statistics of the sim ulated rat. The theoretically less inclined reader should

feel free to skip all sections mark ed b y a * without loss of the general understanding of our mo del and

the results.

4.1 The mo di�ed optimization problem*

Consider a rat in an en vironmen t that is k ept unc hanged for the duration of the exp erimen t. The

visual input the rat p erceiv es during the exp erimen t is the input signal for the learning task stated

ab o v e. This section addresses the follo wing question: Can w e predict the functions learn t in suc h an

exp erimen t and, in particular, will they enco de the rat's p osition in a structured w a y?

As the rat's en vironmen t remains unc hanged for the duration of the exp erimen t, its visual input

cannot co v er the full range of natural images but only the relativ ely small subset that can b e realized

in our setup. Giv en the en vironmen t, the rat's visual input can at all times b e uniquely c haracterized

b y the rat's p osition and its head direction. W e com bine these parameters in a single c on�gur ation

ve ctor s and denote the image the rat p erceiv es when it is in a particular con�guration s as x(s) . W e

refer to the manifold of p ossible con�gurations as c on�gur ation sp ac e V . Note, that V in general do es

not ha v e the structure of a v ector space.

In a su�cien tly complex en vironmen t w e cannot only infer the image from the con�guration but

also the con�guration from the image, so that there is a one-to-one corresp ondence b et w een the con-

�gurations and the images. If w e are not in terested in ho w the functions the system learns resp ond to

images other than those p ossible in the exp erimen t, w e can think of them as functions of the con�gu-

ration s, since for an y function ~g(x) of the images, w e can immediately de�ne an equiv alen t function

g(s) of the con�guration:

g(s) := ~g(x(s)) : (5)

This leads to a simpli�ed v ersion of our problem. Instead of using the images x(t) w e use the con�gu-

ration s(t) as an input signal for our learning task.

8



It is in tuitiv ely clear that functions that v ary slo wly with resp ect to the con�guration s will create

slo wly v arying output when applied to s(t) as an input signal, b ecause s(t) is con tin uous in time.

Mathematically , this is re�ected b y the c hain rule:

_yj =
d

d t
gj (s(t)) = r gj (s) � _s =: r gj (s) � v (6)

where r gj is the gradien t of gj and v = _s is the v elo cit y in con�guration space (note the di�erence in

notation to r � A (s) , whic h denotes the div ergence of a v ector-v alued function A ).

In order to generate slo wly v arying output, gj should v ary slo wly with s in con�guration regions

with large v elo cities v and reserv e stronger gradien ts for regions with small v elo cities. Th us, the

optimal functions dep end on the v elo cit y statistics of the input signal. As their dep endence on the

detailed time-course of the input signal s(t) is incon v enien t to handle mathematically , w e assume that

the duration of the exp erimen t is long enough to do statistics on the b eha vior of the rat. Its motion

can then b e describ ed b y means of a join t probabilit y densit y function ps;v (s; v ) , whic h quan ti�es

ho w often the rat is found in a particular con�guration s and mo v es with v elo cit y v . W e ma y then

equiv alen tly replace the temp oral a v erages in the original form ulation of the learning task b y w eigh ted

a v erages o v er all con�gurations and v elo cities:

h�it ! h�i s;v =
Z

�(s; v) ps;v (s; v ) d s d v (7)

If w e tak e the a v erage of a function that do es not explicitly dep end on the v elo cit y v , w e can simplify

the a v erage h�is;v b y in tegrating o v er the v elo cit y:

h�is;v =
Z

�(s)ps;v (s; v ) d s d v =
Z

�(s)
� Z

ps;v (s; v ) d v
�

| {z }
=: ps (s)

d s =: h�is (8)

Here ps is the marginal probabilit y of �nding the rat in con�guration s, irresp ectiv e of its v elo cit y .

Making use of (5-8) w e can no w state an equiv alen t alternativ e form ulation of the learning task:

Optimization problem 2 : Given a function sp ac e F on a c on�gur ation sp ac e V , which is sample d

with pr ob ability density P(s; v) , �nd a set of J functions gj (s) 2 F that

minimize �( gj ) := h(r gj (s) � v )2 i s;v (9)

under the c onstr aints

hgj (s)i s = 0 (zer o me an) ; (10)

hgj (s)2 i s = 1 (unit varianc e) , (11)

8i < j : hgi (s)gj (s)i s = 0 (de c orr elation and or der) . (12)

If w e do not imp ose an y restriction on the function space F (apart from su�cien t di�eren tiabilit y and

in tegrabilit y), this mo di�ed optimization problem can b e solv ed analytically for a n um b er of cases.

F ollo wing a previous analytical treatmen t (Wisk ott, 2003) w e refer to the optimal functions in the

unrestricted function space as � - optimal functions ; they are sho wn in section 5 together with the

n umerical sim ulations.
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4.2 A di�eren tial equation for the optimal functions*

In this section w e apply v ariational calculus to optimization problem 2 and deriv e a partial di�eren tial

equation for the optimal functions gj . W e pro v e that the optimization problem can b e simpli�ed to

an eigen v alue problem of a partial di�eren tial op erator D whose eigenfunctions and eigen v alues form

the � -optimal functions and their � -v alues, resp ectiv ely . F or the sak e of brevit y w e shift the pro ofs

to the app endix, so that the reader can fo cus on the main theorems.

Using Lagrange m ultipliers w e get an ob jectiv e function for the functions gj that incorp orates the

constrain ts:

	( gj ) =
1
2

�( gj ) � � j 0hgj (s)i s �
1
2

� jj hgj (s)2i s �
X

i<j

� ji hgi (s)gj (s)i s: (13)

Here, factors

1
2 ha v e b een in tro duced for mathematical con v enience and ha v e no in�uence on the

results.

In the follo wing w e will not need the full dep endence of the probabilit y densit y ps;v on the v elo cit y ,

but only the follo wing function:

K (s) :=
1

ps(s)

Z
vv T ps;v (s; v ) d v =

Z
vv T pv js(v js) d v = hvv T i v js : (14)

K is the matrix con taining the second-order momen ts of the conditional v elo cit y distribution P(v js) =
P (s;v )
P (s) . It con tains information on ho w fast and in whic h direction the rat t ypically mo v es giv en it is

in con�guration s.

Applying v ariational calculus to the ob jectiv e function (13), w e can deriv e a necessary condition

for the solutions of optimization problem 2.

Theorem 1 F or a p articular choic e of the p ar ameters � ij , the solutions gj of optimization pr oblem 2

ob ey the Euler-L agr ange e quation

Dgj (s) � � j 0 � � jj gj (s) �
X

i<j

� ji gi (s) = 0 (15)

with the b oundary c ondition

n(s)T K (s)r gj (s) = 0 for s 2 @V: (16)

Her e, the p artial di�er ential op er ator D is de�ne d as

D := �
1

ps(s)
r � ps(s)K (s)r (17)

and n(s) is the unit normal ve ctor on the b oundary @V of the c on�gur ation sp ac e V .

W e no w sho w that the solutions of optimization problem 2 are giv en b y the eigenfunctions of the

op erator D . The essen tial observ ation w e need is stated in

Theorem 2 L et Fb � F b e the sp ac e of functions that ob ey the b oundary c ondition (16). Then D is

self-adjoint on Fb with r esp e ct to the sc alar pr o duct

(f; g ) := hf (s)g(s)i s; (18)

i.e.

8f; g 2 F b : (Df; g ) = ( f; Dg): (19)
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This prop ert y is useful, as it allo ws the application of the sp ectral theorem kno wn from functional

analysis, whic h states that an y self-adjoin t op erator p ossesses a complete set of eigenfunctions f j (s) 2
Fb with real eigen v alues � j , whic h are pairwise orthogonal, i.e. a set of functions that ful�lls the

follo wing conditions:

Df j = � j f j with � j 2 R (eigen v alue equation) , (20)

(f i ; f j ) = � ij (orthonormalit y) ; (21)

8f 2 F b 9 � k : f =
1X

k=0

� k f k (completeness) : (22)

Because the w eigh ted a v erage o v er con�gurations is equiv alen t to a temp oral a v erage, the scalar

pro duct (18) is essen tially the co v ariance of the output of the functions f and g (if they ha v e zero

mean). The orthonormalit y (21) of the eigenfunctions th us implies that the eigenfunctions ful�ll the

unit v ariance and decorrelation constrain t. This is stated in

Theorem 3 Ap art fr om the c onstant function, which is always an eigenfunction, the (ade quately nor-

malize d) eigenfunctions f j 2 F b of the op er ator D ful�l l the c onstr aints (10-12).

If w e set � 0j = � ji = 0 for i 6= j , the eigenfunctions also solv e eqn. (15), making them go o d

candidates for the solution of optimization problem 2. T o sho w that they indeed minimize the � -v alue

w e need

Theorem 4 The � -value of the normalize d eigenfunctions f j is given by their eigenvalue � j .

A t this p oin t, it is in tuitiv ely clear that the eigenfunctions with the smallest eigen v alues form the

solution to optimization problem 2. This is stated in

Theorem 5 The J eigenfunctions with the smal lest eigenvalues � j 6= 0 ar e a solution of optimization

pr oblem 2.

The adv an tage of this approac h is that it transfers the original optimization problem to that of

�nding the eigenfunctions of a partial di�eren tial op erator. This t yp e of problem is encoun tered

frequen tly in other con texts and has b een studied extensiv ely .

It is w orth noting that the formalism describ ed here is not restricted to the example used here. As it

is indep enden t of the concrete nature of the con�guration space, it can b e applied to more complicated

problems, e.g. to a rat mo ving in an en vironmen t with mo ving ob jects, whose p ositions w ould then b e

additional comp onen ts of the con�guration s.

5 Results

W e apply our theoretical framew ork and computer sim ulations to a n um b er of en vironmen ts and

mo v emen t patterns that resem ble t ypical place cell exp erimen ts. In section 5.1, w e sho w results for the

op en �eld, b eginning with the mathematical analysis and sim ulation results for the simple mo v emen t

paradigms with high and lo w relativ e sp eeds. Subsequen tly , the sim ulation results for the restricted

head mo v emen t paradigm, including learning rate adaptation, and the spatial view paradigm are

sho wn. In section 5.2 the results for the linear trac k with its t w o-dimensional con�guration space are

sho wn.
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5.1 Op en �eld

One of the most common en vironmen ts for place cell exp erimen ts is an op en �eld apparatus of rectan-

gular or circular shap e. Here, the most t ypical exp erimen tal paradigm is to thro w fo o d p ellets randomly

in to the apparatus at regular in terv als leading to a random searc h b eha vior of the rat. F or this case

the rat's oriospatial con�guration space comprises the full three dimensional manifold of p osition and

orien tation. In this section, w e presen t results from exp erimen ts with sim ulated rat tra jectories at

either high or lo w relativ e rotational sp eeds leading to undirected place cells or p osition-in v arian t

head-direction cell t yp e results, resp ectiv ely .

5.1.1 Theoretical predictions for the simple mo v emen t paradigm*

In a rectangular op en �eld the con�guration space can b e parametrized b y the animals p osition,

indicated b y the co ordinates x and y , and its head direction � . The total con�guration space is then

giv en b y s = ( x; y; � ) 2 [0; L x ] � [0; L y ] � [0; 2� [. L x and L y denote the size of the ro om in x - and

y -direction, resp ectiv ely . W e c ho ose the origin of the head direction � suc h that � = �= 2 corresp onds

to the rat lo oking to the north. The v elo cit y v ector is giv en b y v = ( vx ; vy ; ! ) , where vx , vy denote

the translation v elo cities and ! is the rotation v elo cit y . F or the t ypical p ellet-thro wing exp erimen t w e

mak e the appro ximation that the v elo cities in the three di�eren t directions are decorrelated and that

the rat's p osition and head direction are homogeneously distributed in con�guration space. Moreo v er,

in an op en �eld there is no reason wh y the v ariance of the v elo cit y should b e di�eren t in x - and

y -direction. The co v ariance matrix of the v elo cities then tak es the form

K =

0

@
hv2 i 0 0

0 hv2 i 0
0 0 h! 2 i

1

A
(23)

and the probabilit y densit y p(x; y; � ) is a constan t.

In this case the eigen v alue problem (20) for the op erator D tak es the follo wing form:

�
�
hv2 i

�
@2

@x2
+

@2

@y2

�
+ h! 2i

@2

@�2

�
g(x; y; � ) = � g(x; y; � ) (24)

with the b oundary conditions (16) yielding

@
@x

g(x; y; � ) = 0 for x 2 f 0; L x g (25)

@
@y

g(x; y; � ) = 0 for x 2 f 0; L yg (26)

and cyclic b oundary conditions in the angular direction.

It is easy to c hec k that the eigenfunctions and the corresp onding � -v alues are giv en b y

glmn (x; y; � ) =

( p
2

3
cos(l� x

L x
) cos(m� y

L y
) sin( n +1

2 � ) for l o dd

p
2

3
cos(l� x

L x
) cos(m� y

L y
) cos(n

2 � ) for l ev en

(27)

� lmn =

8
<

:

� 2hv2 i
�

l 2

L 2
x

+ m 2

L 2
y

�
+ h! 2i (n +1) 2

4 for l o dd

� 2hv2 i
�

l 2

L 2
x

+ m 2

L 2
y

�
+ h! 2i n 2

4 for l ev en,

(28)
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with l; m; and n b eing nonnegativ e natural n um b ers. Only l = m = n = 0 is not allo w ed, as this case

corresp onds to the constan t solution, whic h violates the unit v ariance constrain t.

T o predict the actual outcome of the sim ulations w e need to order these solutions b y their � -v alues.

F or b etter comparabilit y with the sim ulation results it is con v enien t to rewrite the � -v alues in the

follo wing form:

� lmn =
� 2hv2 i

L 2
x

8
<

:

l2 + L 2
x

L 2
y
m2 + v2

rel (n + 1) 2
for l o dd

l2 + L 2
x

L 2
y
m2 + v2

rel n2
for l ev en,

(29)

where

v2
rel =

h( !
2� )2 i

h( v
L x

)2i
(30)

denotes the relativ e rotational sp eed, i.e. the ratio of the ro ot mean square of rotational and transla-

tional v elo cit y , if translational v elo cit y is measured in ro om size in x -direction p er second and rotational

v elo cit y is measured in full circles p er second.

W e can no w discuss t w o limit cases in terms of the relativ e v elo cit y vrel . Let us �rst consider the

case where the rat mo v es at small v elo cities while making a lot of quic k turns, i.e. vrel � 1. In this

case, the smallest � -v alues can b e reac hed b y setting n = 0 unless l2 + L 2
x

L 2
y
m2 > v 2

rel . Since for n = 0
the functions glmn do not dep end on the angle � , the slo w est functions for this case are in v arian t with

resp ect to head direction and lead to place cells, see b elo w. The b eha vior of the solutions and the

resp ectiv e sim ulation results are depicted in �gure 3A and B.

In the other extreme, vrel is m uc h smaller than one, i.e. the rat runs relativ ely fast while mak-

ing few or slo w turns. The smallest � -v alues can then b e reac hed b y c ho osing l = m = 0 unless

n2 > min(1; L 2
x

L 2
y
)=v2

rel . The corresp onding functions are in v arian t with resp ect to p osition while b eing

selectiv e to head direction, a feature that is c haracteristic for head-direction cells. A comparison of

these theoretically predicted functions with sim ulation results are sho wn in �gure 3D and E.

5.1.2 Sim ulation results for the simple mo v emen t paradigm

It is in tuitiv ely clear and has b een sho wn in the last section that for high relativ e orien tational sp eed

vrel the system output b ecomes slo w est if it is in v arian t to head direction and only co des for spatial

p osition. F or lo w vrel on the other hand in v ariance for p osition while co ding for head orien tation is

the b est solution to the optimization problem.

In �gure 3B the spatial �ring maps of SF A output units from the sim ulation with high vrel are sho wn.

Here, all units are almost completely orien tation-in v arian t and resem ble the theoretical predictions

from �gure 3A. The �rst unit is not activ e when the sim ulated rat is in the south of the apparatus,

most activ e in the north, and sho ws a gradual increase in the shap e of a half cosine w a v e in b et w een.

The unit is in v arian t to mo v emen ts in east-w est direction. The second unit b eha v es similarly , but

its activit y pattern is rotated b y 90 degrees. The follo wing units ha v e more spatial oscillations and

somewhat resem ble grid cells whic h are not lo calized.

Figure 3C sho ws ICA output units from the same sim ulation as in �gure 3B. All units are orien tation-

in v arian t, just as their input from the �rst 16 SF A units, but most ha v e only a single p eak of activit y

and eac h at a di�eren t p osition. The sparser units are more lo calized in space while less sparse units

ha v e larger �ring �elds or m ultiple p eaks. These results closely resem ble place cells from ro den t's

hipp o campal areas CA1 and CA3.
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In �gure 3E SF A output units from the sim ulation with lo w relativ e rotational sp eed vrel are sho wn.

In this case, all units are almost completely p osition-in v arian t but their resp onse oscillates with the

orien tation of the rat. The �rst unit c hanges activit y with the sine of orien tation and the second unit

is mo dulated lik e a cosine. Unit #3 has t wice the frequency , unit #5 has a frequency of three, and

unit #8 a frequency of eigh t. Figure 3F sho ws ICA output units from the same sim ulation as in �gure

3E. All units are p osition-in v arian t lik e their inputs from the �rst 8 SF A units, but most ha v e only

a single p eak of activit y and eac h at a di�eren t orien tation. The sparser units are more lo calized in

orien tation while later ones ha v e broader tuning curv es. These results closely resem ble head-direction

cells from ro den t's subicular areas.
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Figure 3: Theoretical predictions and sim ulation results for the op en �eld with the simple

mo v emen t paradigm (indep enden t translation and head direction), separately learned

place cells and head-direction cells, and ICA for sparsi�cation. Eac h ro w within eac h panel

sho ws the resp onse of one unit as a function of p osition for di�eren t head directions, as w ell as the

mean v alue a v eraged o v er all head directions (indicated b y the sup erimp osed arro ws). P anel D also

sho ws orien tation tuning curv es (at the p osition of a unit's maximal activit y). P anels D-F also sho w

orien tation tuning curv es (a v eraged o v er all p ositions) � 1 standard deviation.

A: Theoretical prediction for the SF A la y er with relativ ely quic k rotational sp eed compared to trans-

lational sp eed. Solutions are ordered b y slo wness. All solutions are head direction in v arian t and form

regular rectangular grid structures.

B: Sim ulation results for the SF A la y er for the same settings as in A, ordered b y slo wness. The results

are similar to the theoretical predictions up to mirroring, sign, and mixing of almost equally slo w

solutions. All units are head direction in v arian t and co de for spatial p osition but are not lo calized in

space.

C: Sim ulation results for the ICA la y er for the same sim ulation as in B, ordered b y sparseness (kurtosis).

Firing patterns of all units are head direction in v arian t and lo calized in space, resem bling hipp o campal

place cells.

D: Theoretical prediction for the SF A la y er for relativ ely slo w rotational sp eed compared to transla-

tional sp eed. Solutions are ordered b y slo wness. All solutions are p osition in v arian t and constitute a

F ourier basis in head direction space.

E: Sim ulation results for the SF A la y er for the same settings as in D, ordered b y slo wness. The results

are similar to the theoretical predictions up to phase shift and sign. All units are p osition in v arian t

and head direction sp eci�c but not lo calized in head direction space, i.e. all units except #1 and #2

ha v e m ultiple p eaks.

F: Sim ulation results for the ICA la y er for the same sim ulation as in E ordered b y sparseness (kurtosis).

Firing patterns of all units are p osition in v arian t and lo calized in head direction space resem bling

subicular head-direction cells.

15



5.1.3 Sim ulation results for the restricted head mo v emen t paradigm

In the previous section w e used indep enden t head direction and b o dy mo v emen t and used di�eren t

mo v emen t statistics for di�eren t cell t yp es, suc h as fast rotational sp eed for place cells and slo w

rotational sp eed for head-direction cells. This allo w ed us to obtain nearly ideal sim ulation results that

matc h closely the theoretical predictions, but it is unrealistic for t w o reasons. Firstly , in a real rat head-

direction and mo v emen t direction are correlated. Secondly , in a real rat place cells and head-direction

cells ha v e to b e learned sim ultaneously and th us with the same mo v emen t pattern.

In this section w e in tro duce three c hanges for higher realism. Firstly , a more realistic mo v emen t

pattern is used, where the rat's head is enforced to b e within 90

�
of the curren t b o dy mo v emen t (see

metho ds). Secondly , place cells and head-direction cells are learned on the same input statistics and

learning rate adaptation (LRA) is used in the top SF A la y er for the head-direction cell p opulation (see

metho ds). Thirdly , ICA for sparse co ding in the last la y er is replaced b y comp etitiv e learning (CL).

Sim ulation results are sho wn in �gure 4.
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Figure 4: Sim ulation results for the op en �eld with more realistic mo v emen t patterns and

comp etitiv e learning (CL) for sparsi�cation in the last la y er.

The net w ork w as trained with a mo v emen t pattern of relativ ely high rotational sp eed. T w o distinct

p opulations of cells w ere trained, one as b efore, the other w as trained with learning rate adaptation

(LRA) in the top SF A la y er, reducing the impact of p erio ds with high rotational sp eed.

A: Sim ulation results for the top la y er CL units without LRA. Eac h subplot sho ws the mean spatial

�ring rate of one output unit a v eraged o v er all orien tations. The slo w est 16 SF A outputs w ere used

for CL, and 16 CL units w ere trained. All units are lo calized in space, closely resem bling hipp o campal

place cells.

B: Orien tation tuning of the units sho wn in A. Firing patterns of all units are mostly head direction

in v arian t.

C: Sim ulation results for the top la y er CL units with LRA in the top SF A la y er. Eac h subplot sho ws the

mean orien tation tuning curv e in blue and a grey area indicating � 1 standard deviation. The slo w est

8 SF A-outputs w ere used for CL, and 8 CL units w ere trained. Firing patterns of all units are mostly

p osition in v arian t and lo calized in head direction space closely resem bling subicular head-direction

cells.

D: Scatterplot of mean directional v ariance � � and mean p ositional v ariance � r for the results sho wn

in A (red circles) and C (blue triangles). Units from A cluster in an area with high p ositional v ariance

� r and lo w orien tational v ariance � � , while units from C cluster in an area with lo w p ositional v ariance

� r and high orien tational v ariance � � .

E: Scatterplot of � � and � r for the same sim ulation parameters as in A-D but with more CL output

units. 32 units w ere trained without LRA (red circles) and 16 with LRA (blue triangles). The solutions

lie in similar areas as in D.

F: Scatterplot of � � and � r for the same sim ulation parameters as in A-D, but with more SF A outputs

used for CL. 32 SF A units w ere used without LRA (red circles) and 16 with LRA (blue triangles circles).

The solutions sho w mixed dep endence on p osition and head direction but are still clearly divided in to

a mostly head direction-in v arian t p opulation (red) and a mostly p osition-in v arian t p opulation (blue).
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As the relativ e rotational sp eed is smaller than in the previous section some SF A solutions (not

sho wn) c hange with head direction: unit #16 of 32 is the �rst unit with noticeable head direction

dep endence here while none of the �rst 32 SF A solutions in the last section w as head direction de-

p enden t. In �gure 4A the spatial �ring maps for all trained units without LRA are sho wn a v eraged

o v er all orien tations. The corresp onding orien tation tuning curv es (measured at the p eak of the place

�eld) are giv en in panel B. All units are lo calized in space and largely indep enden t of orien tation with

activit y cen ters distributed ev enly in the ro om.

Figure 4C sho ws the sim ulation results with iden tical mo v emen t statistics but with LRA turned on

in the top SF A la y er, so that learning is do wnregulated at timep oin ts with rapid head direction c hanges.

T uning curv es of all units are sho wn together with the spatial standard deviation of activit y , whic h is

generally v ery small. All units are lo calized in head direction space and mostly p osition indep enden t

with appro ximately ev en spacing of directions of maxim um activit y . The LRA can eliminate the e�ect

of head rotation only to some exten t and th us SF A units #7 and #8 sho w signi�can t dep endence on

p osition while the slo w est unit a�ected b y p osition in the previous section w as #15.

A scatterplot of the mean p ositional v ariance � r v ersus mean orien tational v ariance � � (see metho ds)

of the units from A and C is sho wn in �gure 4D. P erfect head-direction cells w ould b e lo cated in the

b ottom righ t while p erfect place cells w ould b e lo cated in the top left. Red circles denote the sim ulated

place cells from panel A; the blue triangles denote the sim ulated head-direction cells from panel C.

Both p opulations cluster near the p ositions of optimal solutions in the corners.

Ho w do es the n um b er of inputs to the last la y er (i.e. the n um b er of SF A-outputs used) and the

n um b er of CL outputs in�uence the results? P anel E sho ws the same analysis for a sim ulation with

iden tical settings except the n um b er of CL-output units w as doubled to 32 without LRA and 16 with

LRA, resp ectiv ely . Most units lie in a similar area as in D, but the clusters are denser, since the

n um b er of units has doubled. In panel F, the n um b er of output units is again the same as in D, but

the n um b er of SF A outputs for the last la y er is doubled to 32 for the sim ulation without LRA and

16 for the sim ulation with LRA. The output units no w get inputs from higher, i.e. quic k er, SF A units

whic h tend to ha v e stronger in�uence of b oth p osition and orien tation. As a result, the CL units

span the en tire sp ectrum of completely p osition in v arian t to complete orien tation in v arian t solutions,

with the less p osition-dep enden t solutions coming from the sim ulations without LRA, and the less

head direction dep enden t solutions coming from the LRA sim ulation. W e conclude that the n um b er

of CL-output units mostly determines the densit y of place cells but not the qualitativ e b eha vior of the

solutions while the n um b er of SF A-outputs directly a�ects the in v ariance prop erties of the solutions.

5.1.4 Sim ulation results for the spatial view paradigm

The previous sections ha v e sho wn that the same learning mec hanism in the same en vironmen t, just

with di�eren t mo v emen t statistics, results in either head-direction or place-cell lik e represen tations.

Although the last section in tro duced certain restrictions on the head direction, b o dy p osition and head

direction remained mostly indep enden t.

In the follo wing sim ulation, the virtual animal �xates a lo cation L on a w all while it mo v es through

the ro om. The p osition of L c hanges with the same statistics as for the head direction sim ulation ab o v e

(see metho ds). A visualization of the sim ulation results b y plotting the activit y of a unit at a giv en

p osition vs. �global� orien tation, as in the previous �gures, lo oks inconclusiv e (�gure 5A). Plotting the

activit y of a unit suc h that at eac h p osition the orien tation is c hosen to face a �xed sp eci�c lo cation

mark ed b y an ' � ' sho ws spatially homogeneous activities (�gure 5C; cf. �gure 1). These cells join tly

co de for the 'view space' but as b efore the SF A results are not lo calized. Figure 5B and D sho w the
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results of the ICA la y er. The 'global direction' plot in B is as inadequate as in A while plot D clearly

illustrates the b eha vior of these cells. Unit #2, for example, is activ e only when lo oking at the b ottom

left corner of the rectangular ro om, indep enden tly of the animal's p osition. This cell t yp e resem bles

spatial view cells found in the primate hipp o campal formation (e.g. Rolls et al., 2005).

Figure 5: Sim ulation results for the op en �eld with tra jectories where sp ots on the w all

w ere �xated. A: Spatial �ring map of �v e represen tativ e SF A output units for di�eren t 'global head

directions' (indicated b y arro ws) and a v erages o v er orien tations and space. No unit sho ws spatial or

orien tation in v ariance when plotting p osition and 'global head direction' as in previous �gures. C:

Same results as in A but plotted with 'lo cal head direction' (at eac h p osition orien ted to w ards �xation

p oin t ' � '). B: ICA results plotted with 'global head direction'. D: Same results as in B but using the

plot metho d from C. All units co de for a sp eci�c view closely resem bling primate spatial view cells.

5.2 Linear trac k

In a linear trac k the rat's mo v emen t is essen tially restricted to t w o degrees of freedom, a spatial and

an orien tational one. In exp erimen tal measuremen ts the orien tational dimension is often collapsed in to

a binary v ariable indicating only the direction of mo v emen t. In the linear trac k these t w o dimensions

are th us exp erimen tally m uc h easier to sample smo othly than the full three dimensional parameter

space of the op en �eld.

5.2.1 Theoretical predictions for the linear trac k*

In principle the con�guration space for the linear trac k is the same as for the op en �eld, only with

small side length L x in one direction. Equation (28) sho ws that for small L x the solutions that are not
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constan t in the x -direction, i.e. the solutions with k 6= 0 , ha v e large � -v alues and th us v ary quic kly .

Because slo w functions will th us b e indep enden t of x , w e will neglect this dimension and restrict the

con�guration space to p osition in x -direction and head direction � .

Another di�erence b et w een the sim ulation setup for the op en �eld and the linear trac k lies in the

mo v emen t statistics of the rat. Due to the momen tum of the Bro wnian motion the rat rarely turns on

mid-trac k. In com bination with the coupling b et w een head direction and b o dy motion this implies that

giv en the sign of the v elo cit y in y -direction the head direction is restricted to angles b et w een either 0
and � (p ositiv e v elo cit y) or b et w een � and 2� (negativ e v elo cit y). If, in addition, the rat mak es a lot

of quic k head rotations, the resulting functions can only b e slo wly v arying if they are in v arian t with

resp ect to head direction within these ranges. This lea v es us with a reduced con�guration space that

con tains the p osition y and a binary v alue d 2 f North, South g that determines whether 0 � � < �
(p ositiv e v elo cit y in y -direction, north) or � � � < 2� (negativ e v elo cit y in y -direction, south).

W e assume that the rat only switc hes b et w een north and south at the ends of the trac k. Because

discon tin uities in the functions lead to large � -v alues, slo w functions g(y; d) should ful�ll the con tin uit y

condition that g(0; North ) = g(0; South ) and g(L y ; North ) = g(L y ; South ) . This means that the

con�guration space has the top ology of a circle, where one half of the circle represen ts all p ositions

with the rat facing north and the other half the p ositions with the rat facing south. It is th us con v enien t

to in tro duce a di�eren t v ariable � 2 [0; 2L y ] that lab els the con�gurations in the follo wing w a y:

(x(� ); d(� )) =
�

(�; North ) for � < L y

(2L y � �; South ) for � � L y :
(31)

The top ology of the con�guration space is then captured b y cyclic b oundary conditions for the functions

g(� ) .

F or simplicit y w e assume that there are no preferred p ositions or head directions, i.e. that b oth

the v ariance of the v elo cit y K = h_� 2 i and the probabilit y distribution p(� ) is indep enden t of � . The

equation for the optimal function is then giv en b y

�h _� 2 i
@2

@�2
g(� ) = � g(� ) (32)

The solutions that satisfy the cyclic b oundary condition and their � -v alues are giv en b y

gj (� ) =

( p
2 sin(j� �

2L y
) for j ev en

p
2 cos((j + 1) � �

2L y
) for j o dd

; (33)

� j (� ) =

8
<

:

� 2 h _� 2 i
4L 2

y
j 2

for j ev en

� 2 h _� 2 i
4L y

(j + 1) 2
for j o dd

: (34)

Note that there are alw a ys t w o functions with the same � -v alue. Theoretically , an y linear com bina-

tion of these functions has the same � -v alue and is th us also a p ossible solution. In the sim ulation, this

degeneracy do es not o ccur, b ecause mid-trac k turns do o ccur o ccasionally , so those functions that are

head-direction-dep enden t on mid-trac k (i.e. ev en j ) will ha v e higher � -v alues than theoretically pre-

dicted. This a v oids mixed solutions and c hanges the order of the functions when ordered b y slo wness.

Figure 6A sho ws sev en of the slo w est functions g,.

5.2.2 Sim ulation results for the linear trac k

F or sim ulations in the linear trac k w e use the more realistic mo v emen t paradigm similar to the op en

�eld exp erimen t from section 5.1.3. A similar relativ e sp eed is assumed and sparse co ding in the last

20



la y er is p erformed with ICA.

Figure 6B and C sho ws the sim ulation results for the linear trac k. The spatial �ring maps of the

slo w est sev en SF A outputs out of 10 are sho wn in �gure 6B. Units #1�6 are mostly head direction

in v arian t ( � � � 0:1), and co de for spatial p osition in the form of sine w a v es with resp ectiv e frequencies

of

1
2 , 1, 11

2 , 2, 21
2 , and 3, as theoretically predicted. Unit #7 co des for p osition and orien tation. A t trac k

ends, where most rotation o ccurs, all units are head-direction in v arian t and the spatial mo dulation

is compressed due to slo w er mean translational sp eeds compared to mid-trac k (cf. app endix). As

exp ected, none of these units are lo calized in space or orien tation.

The spatial �ring maps of the �rst sev en out of ten ICA outputs for di�eren t head directions are

sho wn in �gure 6C. Units #1 and #6 are only activ e at the southern trac k end indep enden tly of head

direction. The other �v e units are lo calized in the join t p osition-head-direction space meaning that

they �re only at sp eci�c p ositions on the trac k when the rat faces a sp eci�c direction. These results

are similar to place cell recordings from rats in linear trac ks where most cells only �re when the rat

mo v es in one direction (Muller et al., 1994).

Changing the mo v emen t pattern to yield m uc h higher or m uc h lo w er mean relativ e rotational

sp eeds, resp ectiv ely , leads to v ery di�eren t results resem bling those presen ted earlier for the op en �eld,

namely head-direction cells and head-direction in v arian t place cells.
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Figure 6: Theoretical predictions and sim ulation results for the linear trac k. Head directions

are indicated b y arro ws, orien tation a v erages are indicated b y sup erimp osed arro ws, and principal

directions (north, south) are emphasized with a dark b order. A: Theoretical predictions. B: Spatial

�ring maps of the �rst (slo w est) sev en SF A output units out of 10. Units #1-#6 are mostly head

direction in v arian t, whereas unit #7 resp onds di�eren tly to north and south views. C: Spatial �ring

maps of the �rst (most kurtotic) sev en out of 10 ICA output units. All units are lo calized in space

and most are only activ e for either north or south views closely resem bling place �elds recorded from

rats in linear trac k exp erimen ts.

5.3 Mo del parameters

Although most of the parameters in our mo del (i.e. all the w eigh ts in the SF A and ICA steps) are

learned in an unsup ervised manner a n um b er of parameters w ere c hosen man ually . These parameters

include the input picture size, receptiv e �eld sizes, receptiv e �eld p ositions and o v erlaps in all la y ers,

the ro om shap e and textures, the expansion function space, n um b er of la y ers, c hoice of sparsi�cation

algorithm, mo v emen t pattern, �eld of view, and n um b er of training steps. W e cannot explore the

en tire parameter space here and sho w instead that the mo del p erformance is v ery robust with resp ect
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to most of these parameters. The fact that the presen ted sim ulation results are v ery similar to the

analytical solutions also indicates that the results are generic and not a mere artifact of a sp eci�c

parameter set.

W e use high-resolution input pictures of 40 b y 320 R GB pixels sho wing the capabilit y of the mo del

to handle high-dimensional sensory data. Nev ertheless, it could b e argued that the rat's vision is rather

blurred and has little color sensitivit y . Ho w ev er, w e �nd that smaller and/or gra yscale input pictures

yield similar results, whic h degrade only b elo w a dimensionalit y of a few h undred input pixels.

The mo del's �eld of view (F O V) has b een mo deled to represen t the 320�
of a rat's F O V. Smaller

F O V s b elo w 90�
still repro duce our results and esp ecially rotation in v ariance is not an e�ect of a

large F O V. Nev ertheless, the views ha v e to con tain enough visual information in order to ful�ll the

one-to-one corresp ondence b et w een stim ulus and oriospatial con�guration. F or smaller F O V v alues

and symmetrical en vironmen ts the mo del's represen tations b ecome symmetrical as w ell.

The receptiv e �elds are restricted to ab out 100 input dimensions (b efore quadratic expansion) due

to computational limitations. Larger receptiv e �elds tend to yield b etter solutions, since the a v ailable

total function space increases. P osition and o v erlap of receptiv e �elds ha v e b een v aried to some exten t

but ha v e no noticeable impact on the result unless to o man y of the inputs are discarded.

The ro om shap e has a strong impact on the SF A solutions, whic h can b e predicted analytically . W e

sho w here only results from con v ex ro oms, but exp erimen ts with radial mazes and m ultiple ro oms ha v e

b een p erformed and these results are similar to exp erimen tal data, to o. Choice of sp eci�c textures

w as irrelev an t for the mo del's p erformance except when m ultiple w alls are textured with similar or

iden tical textures, whic h leads to degraded results due to visual am biguities.

The expansion function w as c hosen as all monomials up to degree 2, but alternativ e function

spaces lik e linear random mixtures passed through sigmoidals with di�eren t o�sets w ere successful,

to o; ho w ev er, the size of the function space is limited b y computational constrain ts and monomials

ha v e pro v en to b e particularly e�cien t.

The n um b er of la y ers is determined b y receptiv e �eld sizes and o v erlaps. An increased n um b er of

la y ers also increases the function space and can th us impro v e p erformance. W e did not see an y e�ect of

o v er�tting for larger n um b ers of la y ers. A dditional top la y ers simply repro duced the output of earlier

la y ers.

As for the c hoice of the sparse co ding algorithm, w e found no large qualitativ e di�erence for

di�eren t tec hniques including CuBICA, fastICA, comp etitiv e learning, or just �nding rotations of the

SF A output with maximal kurtosis (F ranzius et al., 2007).

The c hoice of mo v emen t pattern has a clear impact on the optimal solutions of SF A. The theoretical

analysis presen ted here can in principle predict the solutions for arbitrary mo v emen t patterns but for

the predictions presen ted here w e made simplifying assumptions to obtain closed form solutions. In

spite of these simpli�cations, the theoretical predictions are still close to the sim ulation results, e.g. in

section 5.1.3, where the head orien tation is restricted to an angular range with resp ect to the direction

of b o dy motion. sim ulation results are still similar to the theoretical predictions.

More training steps result in a smo other sampling of the virtual realit y en vironmen t and yield b etter

appro ximations to the theoretical predictions. W e found that a few laps crossing and spanning the

whole ro om within a few thousand training samples w ere su�cien t for the qualitativ e results already .

F or to o little training data and to o few crossings of paths an o v er�tting e�ect o ccurs resulting in a

slo wly v arying activit y of the outputs on the training path but not on other (test) paths.
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6 Discussion

W e ha v e presen ted a mo del for the formation of oriospatial cells based on the unsup ervised learning

principles of slo wness and sparseness. The mo del is feed-forw ard, instan taneous, and purely sensory

driv en. The arc hitecture of the mo del is inspired b y the hierarc hical organization of the visual system

and applies the iden tical learning rule, Slo w F eature Analysis, on all but the last la y er, whic h p erforms

sparse co ding. Our results sho w that all ma jor oriospatial cell t yp es - place cells, head-direction cells,

spatial view cells, and to some exten t ev en grid cells - can b e learned with this approac h. W e ha v e

sho wn that this mo del is capable of extracting cognitiv e information suc h as an animal's p osition

from complex high-dimensional visual stim uli, whic h w e sim ulated as views in a virtual en vironmen t.

The generated represen tations w ere co ding sp eci�cally for some information (e.g. p osition) and w ere

in v arian t to the others (e.g. orien tation). These in v arian t represen tations are not explicitly built in to

the mo del but induced b y the input statistics, whic h in turn is determined b y the ro om shap e and

a sp eci�c mo v emen t paradigm. Nev ertheless, the t yp e of learned in v ariance can b e in�uenced b y a

temp oral adaptation of the learning rate. Con trol exp erimen ts sho w that the mo del p erformance is

robust to noise and arc hitectural details. This robustness is also supp orted b y a general mathematical

framew ork that allo ws exact analytical predictions of the system b eha vior at the top SF A lev el.

Our mo del comprises sensory pro cessing stages that mimic parts of the visual cortices and the

hipp o campal formation. The mo del la y ers cannot b e exactly asso ciated with sp eci�c brain areas,

but w e suggest some relations. The b eha vior of the lo w er t w o la y ers are primarily determined b y

the visual en vironmen t and mostly indep enden t of the spatial mo v emen t pattern. In the sim ulations

presen ted here, w e trained the t w o lo w er la y ers only once and only adapted the higher la y ers for

di�eren t en vironmen ts and mo v emen t patterns. The �rst la y er could b e asso ciated with V1 (Berk es

and Wisk ott, 2005), the second la y er with higher visual cortices. Units in the third la y er, whose

non-lo calized spatial activit y pattern resem bles grid cells, strongly dep end on the mo v emen t pattern

and migh t b e asso ciated with grid cells in EC. Recen t results from EC (Sargolini et al., 2006) sho w

that grid cells in MEC exhibit some head-direction dep endency , similar to our mo del for the case of

the in termediate relativ e translational sp eed in the op en �eld. Dep ending on the mo v emen t statistics

during learning, represen tations in the sparse co ding la y er resem ble either place cells as found in

hipp o campal areas CA1 and CA3 or head direction cells as found in man y areas of the hipp o campal

formation or spatial view cells as found in the hipp o campal formation of monk eys.

F or the case of appro ximately uncorrelated b o dy mo v emen t and head direction, the mo del learns

either place or head-direction cells, dep ending on the relativ e sp eed of translation and rotation. F or

m uc h quic k er rotation than translation the mo del dev elops orien tation-in v arian t place �elds while for

m uc h quic k er translation than rotation the mo del dev elops p osition-in v arian t head direction co des.

In in termediate cases, e.g. for the linear trac k, mixed represen tations suc h as direction-dep enden t

place �elds emerge. In the case of correlated b o dy mo v emen t and head direction caused b y elongated

�xations of ob jects or p ositions, the mo del learns view-sp eci�c co des, similar to spatial view cells in

primates.

Although the mo del is capable of learning place cells and head direction cells if it learns on distinct

adequate mo v emen t statistics, a mo del rat should ob viously not ha v e to tra v erse its en vironmen t once

with high relativ e translational sp eed to learn head-direction cells and once more with lo w relativ e

translational sp eed to learn place cells. Ho w can b oth p opulations b e trained with a single giv en input

statistics? F or this problem w e consider output from the rat's v estibular system as a p ossible solution.

This system is essen tial for the oriospatial sp eci�cit y of head direction cells and place cells (Stac kman

and Zugaro, 2005). Other mo dels lik e the w ell established ring attractor mo del b y Sk aggs et al. (1995)

assume that the head direction system p erforms angular in tegration of b o dy motion based on v estibular
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v elo cit y signals. W e h yp othesize that these signals could also b e used to in�uence the learning rate

of t w o p opulations of cells that learn according to our mo del. One of these p opulations learns more

strongly at p erio ds with high relativ e translational sp eed (as signalled b y the v estibular v elo cit y signals)

and the other adapts more strongly for lo w relativ e translational sp eed. The former should dev elop

head-direction cell c haracteristics and the latter place cell c haracteristics. In our sim ulations the mo del

successfully learned b oth p opulations with the same input data, one p opulation without learning rate

adaptation, and one p opulation with reduced learning rate during quic k turns. Once the mo del has

b een trained, the v estibular acceleration signal is no longer needed for the mo del b eha vior. With

learning rate adaptation the mo del neurons e�ectiv ely learn on a di�eren t mo v emen t statistics, e.g. head

direction cells learn more strongly at times with relativ ely high translational sp eed. Nev ertheless, if the

real mo v emen t statistics con tains v ery few episo des of relativ ely quic k translation at all, the mec hanism

fails and head direction cells cannot b ecome p osition in v arian t.

Our implemen tation of the slo wness principle in v olv es solving an eigen v alue problem and cannot

b e considered biologically plausible. Ho w ev er, more plausible equiv alen t form ulations of the slo wness

principle exist in the form of gradien t-descen t learning rules (Hashimoto, 2003; Ka yser et al., 2001) and

as spik e based learning mec hanisms (Sprek eler et al., 2006). The c hoice of ICA to generate lo calized

represen tations from nonlo calized co des is also biologically unrealistic, whereas a form ulation in the

form of Hebbian learning (Oja and Karh unen, 1995) or comp etitiv e learning seems more plausible. An

in-depth discussion of this topic can b e found in F ranzius et al. (2007).

Related w ork

A ccording to Redish's classi�cation, our mo del is a lo c al view mo del, for it �only dep ends on the lo cal

view to explain place cell �ring� (Redish, 1999). Mo dels of this class usually extract a n um b er of

features from sensory inputs in order to obtain a lo w er-dimensional represen tation that still carries

information ab out spatial p osition in the en vironmen t but is in v arian t to ev erything else. Pure lo cal

view mo dels do not comprise a path in tegration system and th us cannot fully explain oriospatial �ring

prop erties, e.g. in darkness. Pure path in tegration systems without external sensory input on the

other hand inheren tly accum ulate errors, and hence a sensory co ding mec hanism, as prop osed here,

is necessary to complemen t an y suc h mo del. Therefore man y mo dels com bine lo cal view and path

in tegration mec hanisms (McNaugh ton et al., 2006; Redish, 1999).

The mo del b y W yss et al. (2006) is based on similar principles as our mo del. It applies a learning

rule based on temp oral stabilit y to natural stim uli, some of whic h are obtained from a rob ot. The

resulting spatial represen tations are lo calized, resem bling hipp o campal place �elds. The learning rule

in v olv es lo cal memory and no explicit sparsi�cation metho d is applied. The fact that the resulting

represen tations are lo calized is somewhat surprising, since b y itself temp oral stabilit y do es not lead

to lo calized represen tations (F ranzius et al., 2007). W e h yp othesize that the decorrelation of the non-

negativ e activities in the mo del implicitly leads to a sparsi�cation b ecause it fa v ors a co de where at an y

giv en time only one single unit is activ e. The article do es not in v estigate head-direction-dep endency

of the learned represen tations or dep endencies on the mo v emen t statistics.

The mo del b y Sharp (1991) assumes abstract sensory inputs and acquires a place co de b y comp et-

itiv e learning, resulting in units that co de for views with similar input features. Th us, this mo del is

similar to our mo del's last la y er p erforming sparsi�cation. Similarly to our results, cells b ecome less

orien tation-dep enden t if more rotations o ccur in the training tra jectory .

The w ork b y F uhs et al. (1998) uses realistic natural stim uli obtained b y a rob ot and extracts

�blobs� of uniform in tensit y with rectangular or o v al shap e from these images. Radial basis functions

are tuned to blob parameters at sp eci�c views, and a comp etitiv e learning sc heme on these yields
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place-cell-lik e represen tations. Our mo del agrees with their conclusion that ro den ts need no explicit

ob ject recognition in order to extract spatial information from natural visual stim uli.

The mo del b y Brunel and T rullier (1998) in v estigates the head-direction dep endency of sim ulated

place �elds using abstract lo cal views as inputs. A recurren t net w ork learns with an unsup ervised Heb-

bian rule, asso ciating lo cal views with eac h other, suc h that their in trinsically directional place cells can

b ecome head-direction in v arian t for maze p ositions with man y rotations. The article also conjectures

that mo v emen t patterns determine head-direction dep endence of place cells, whic h is consisten t with

our results.

The results b y de Araujo et al. (2001) suggest that the size of the rat's �eld of view (F O V) is

imp ortan t for the distinction b et w een spatial view cells and place cells. With a large F O V (as for rats)

the animal can see most landmarks from all orien tations while an animal with a small F O V (lik e a

monk ey) can only see a subset of all landmarks at eac h timep oin t. W e �nd no dep endence of our results

on the F O V size for v alues b et w een 30 and 320 degree as long as the en vironmen t is ric h enough (i.e.

div erse textures, not a single cue card). Instead, our results suggest that di�erences in the mo v emen t

statistics pla y a k ey role for establishing this di�erence.

T o our kno wledge, no prior mo del allo ws the learning of place cells, head-direction cells, and

spatial view cells with the same learning rule. F urthermore there are only few mo dels that allo w clear

theoretical predictions, learn oriospatial cells from (quasi) natural stim uli, and are based on a learning

rule that is also kno wn to mo del early visual pro cessing w ell.

F uture p ersp ectiv es

Our mo del is not limited to pro cessing visual stim uli, as presen ted here, but can in tegrate other

mo dalities as w ell. The in tegration of olfactory cues, for example, migh t lead to ev en more accurate

represen tations and p ossibly to an indep endence of the mo del of visual stim uli (sim ulated darkness).

Our sim ulated visual stim uli come from a virtual realit y en vironmen t whic h is completely static

during the training of the virtual rat. In this case the slo w est features are p osition, orien tation, or view

direction as sho wn b efore. Ho w ev er, the assumption that the en vironmen t remains unc hanged during

oriospatial cell learning certainly do es not hold for the real w orld. A more realistic en vironmen t will

include other c hanging v ariables lik e ligh ting direction, pitc h and roll of the head etc. The impact of

these v ariables on the mo del represen tations dep ends on the timescale of the v ariable c hanges: e.g.

the additional white noise in all SF A la y ers of the mo del is ignored since it v aries m uc h quic k er than

p osition and orien tation, but the direction of sunligh t migh t b ecome the slo w est feature. Generally ,

the SF A solutions will dep end on an y v ariable whose timescale is equal or slo w er than the p osition

and orien tation c hanges of the animal. After the sparse co ding step represen tations will b ecome not

only lo calized in p osition and/or head direction but in the other v ariables as w ell. This b eha vior is

not consisten t with the de�nition of an ideal place or head-direction cell. Ho w ev er, man y exp erimen ts

sho w correlations of place cell �ring with nonspatial v ariables as w ell (Redish, 1999). One particularly

in teresting instance of suc h a v ariable is 'ro om iden tit y'. If a rat exp eriences m ultiple en vironmen ts,

usually transitions b et w een these will b e seldom, i.e. the rat will more often turn and tra v erse a single

ro om than switc h ro oms. In this case ro om iden tit y will b e enco ded b y the SF A outputs. F or n ro oms

at most n � 1 decorrelated SF A outputs can co de for the ro om iden tit y . The follo wing outputs will

then co de for a join t represen tation of space and ro om iden tit y . After sparse co ding, man y output

units will �re in one ro om only (the less sparse ones in few ro oms), and p ossibly in a completely

unrelated fashion to their spatial �ring patterns in another ro om. This b eha vior is consisten t with the

'remapping' phenomenon in place cells (e.g. Muller and Kubie, 1987).

A great amoun t of w ork has b een done in v estigating the impact of en vironmen tal manipulations
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on oriospatial cell �ring in known ro oms, e.g. shifts and rotations of landmarks relativ e to eac h other

(Redish, 1999). Ho w w ould our mo del b eha v e after suc h c hanges to the learned en vironmen t? Suc h

transformations e�ectiv ely lead to visual input stim uli outside the set of all p ossible views in the

training en vironmen t. In this case, w e exp ect the system's p erformance to deteriorate unless a new

represen tation is learned, but more w ork is necessary to in v estigate this question.

Our approac h predicts increasing slo wness (i.e. decreasing eta-v alues of �ring rates) in the pro cessing

hierarc h y b et w een retina and hipp o campus. A dditionally , place cell and head direction cell output

should b e signi�can tly sparser than their inputs. Our main prediction is that c hanging mo v emen t

statistics directly in�uences the in v ariance prop erties of oriospatial cells: e.g. an exp erimen t in a linear

trac k where the rat more often turns on mid-trac k should yield less head-direction dep enden t place

cells.

Exp erimen tally , the join t p ositional and orien tational dep endence of oriospatial cells is hard to

measure due to the size of the three-dimensional parameter space, and ev en more so if the dev elopmen t

o v er time is to b e measured. F urthermore, precise data on mo v emen t tra jectories is rare in the existing

literature on oriospatial cells. A ccordingly , little data is a v ailable to v erify or falsify our prediction ho w

the brain's oriospatial co des dep end on the mo v emen t statistics. As an alternativ e to determining the

mo v emen t statistics in b eha vioral tasks, some w ork has b een done on passiv e mo v emen t of rats, where

the mo v emen t statistics is completely con trolled b y the exp erimen ter (e.g. Ga vrilo v et al. 1998), but

these results migh t not b e represen tativ e for v olun tary motion (Song et al., 2005). Markus et al. �nd

directional place �elds in the cen ter of a plus maze although in the cen ter of the maze more rotations

o ccur than in the arms (Markus et al., 1995). This could b e a con tradiction to our mo del, although

not the frequency but the relativ e sp eed, whic h w as not measured in (Markus et al., 1995), determines

head direction in v ariance in our mo del. Ov erall, the dep endence of oriospatial cells on the animal's

mo v emen t statistics as prop osed here remains to b e tested exp erimen tally .

Conclusion

W e conclude that a purely sensory driv en unsup ervised system can repro duce man y prop erties of

oriospatial cells in the ro den t brain, including place cells, head-direction cells, spatial view cells, and

to some exten t ev en grid cells. These di�eren t cell t yp es can b e mo deled with the same system, and

the output c haracteristics solely dep ends on the mo v emen t statistics of the virtual rat. F urthermore,

w e sho w ed that the in tegration of v estibular acceleration information can b e used to learn place cells

and head-direction cells with the same mo v emen t statistics and th us at the same time.
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8 App endix*

8.1 Pro ofs of Theorems

Pro of of Theorem 1

The tec hnique of v ariational calculus can b e illustrated b y means of an expansion in the spirit of a T a ylor

expansion. Let us assume, w e knew the function gj that optimizes the ob jectiv e function 	 . The e�ect of a

small c hange �g of gj on the ob jectiv e function 	 can b e written as

	( gj + �g ) � 	( gj ) =
Z

� 	
�g

(s) �g (s) d s + ::: ; (35)

where the ellipses stand for higher order terms in �g . The function

� 	
�g is the variational derivative of the

functional 	 and usually dep ends on the con�guration, the optimal function gj and p ossibly deriv ativ es of gj .

Its analogue in �nite-dimensional calculus is the gradien t.

W e no w deriv e an expression for the v ariational deriv ativ e of the ob jectiv e function (13). T o k eep the

calculations tidy , w e split the ob jectiv e in t w o parts and omit the dep endence on the con�guration s.

	( gj ) =:
1
2

�( gj ) � ~	( gj ) (36)

The expansion of

~	 is straigh tforw ard:

~	( gj + �g ) � ~	( gj ) = h�g [� j 0 + � jj gj +
X

i<j

� ji gi ]i s + ::: (37)

=
Z

�g p s [� j 0 + � jj gj +
X

i<j

� ji gi ] d s + ::: (38)

F or the expansion of �( gj ) w e �rst simplify the expression b y carrying out the v elo cit y in tegration and using

the v elo cit y tensor K :

�( gj )
(9)
= hr gT

j vv T r gj i s;v = hr gT
j hvv T i v j sr gj i s

(14)
= hr gT

j K r gj i s (39)

W e can no w expand �( gj ) as follo ws

1
2

�( gj + �g ) �
1
2

�( gj )
(39)
=

1
2

hr (gj + �g )T K r (gj + � g )i s �
1
2

hr gT
j K r gj i s (40)

=
1
2

hr gT
j K r �g + r �g T K r gj i s + ::: (41)

= hr �g K r gT
j i s + ::: (42)

( since K is symmetric )
(8)
=

Z
psr �g K r gT

j d s (43)

=
Z

r �
h
�gp s nT K r gj

i
d s �

Z
�g r � (psK r gj ) d s + ::: (44)

=
Z

@V
�gp s nT K r gj d A �

Z
�g r � (psK r gj ) d s + ::: (45)

( Gauss' theorem )
(17)
=

Z

@V
�gp s nT K r gj d A +

Z
�gp s (Dgj ) d s + ::: (46)
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Here, d A is an in�nitesimal surface elemen t of the b oundary @V of V and n is the normal v ector on d A . T o

get the expansion of the full ob jectiv e function, w e add (38) and (46):

	( gj + �g ) � 	( gj ) =
Z

@V
�gp s nT K r gj d A +

Z
�gp s (Dgj � � j 0 � � jj gj �

X

i<j

� ji gi ) d s + ::: (47)

In analogy to the �nite-dimensional case, gj can only b e an optim um of the ob jectiv e function 	 if an y small

c hange �g lea v es the ob jectiv e unc hanged up to linear order. As w e emplo y a Lagrange m ultiplier ansatz,

w e ha v e an unrestricted optimization problem, so w e are free in c ho osing �g . F rom this it is clear that the

righ t hand side of (47) can only v anish if the in tegrands of b oth the b oundary and the v olume in tegral v anish

separately . This lea v es us with the di�eren tial equation (15) and the b oundary condition (16).

Pro of of Theorem 2

Pro of : The pro of can b e carried out in a direct fashion. Again, w e omit the explicit dep endence on s.

(f; Dg)
(8 ;17;18)

= �
Z

psf
1
ps

r � psK r g d s (48)

= �
Z

r �
h
psf nT K r g

i
d s +

Z
psr f T K r gd s (49)

= �
Z

@V
psf nT K r g

| {z }
(16)
=

d A +
Z

r f T psK r gd s (50)

( Gauss' theorem )
(16)
=

Z
psr f T K r g d s (51)

=
Z

psr gT K r f d s (52)

( since K is symmetric )
(48 � 52)

= ( Df; g ) : (53)

Pro of of Theorem 3

Zero mean: It is ob vious that the constan t function f 0 = 1 is alw a ys an eigenfunction of D for eigen v alue 0.

As all other eigenfunctions are orthogonal to f 0 , they m ust ha v e zero mean: f 0 ; f j ) = hf j i s = 0 8 j 6= 0 .

Decorrelation: F or mean-free functions f and g the scalar pro duct (f; g ) is their co v ariance. The orthogo-

nalit y of the eigenfunctions is th us equiv alen t to decorrelation.

Unit v ariance: Unit v ariance can easily b e ac hiev ed b y renormalizing the eigenfunctions suc h that (f; f ) =
hf 2 i s = 1 .

Pro of of Theorem 4

�( f j )
(39 ;52)

= ( f j ; Df j ) = ( f j ; � j f j ) = � j (f j ; f j )
| {z }

=1

= � j : (54)
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Pro of of Theorem 5

Without loss of generalit y w e assume that the eigenfunctions f j are ordered b y increasing eigen v alue, starting

with the constan t f 0 = 1 . There are no negativ e eigen v alues, b ecause the eigen v alue is the � -v alue of the

eigenfunction, whic h can only b e p ositiv e b y de�nition. A ccording to Theorem 1, the optimal resp onses gj

ob ey the b oundary condition (16) and are th us elemen ts of the subspace F b � F de�ned in Theorem 2. Because

of the completeness of the eigenfunctions on F b w e can do the expansion

gj =
1X

k =1

� jk f k (55)

where w e ma y omit f 0 b ecause of the zero mean constrain t. W e can no w pro v e b y complete induction that

gj = f j solv es the optimization problem.

Basis (j=1): Inserting g1 in to eqn. (15) w e �nd

0 = Dg1 � � 10 � � 11 g1 (56)

= � � 10 +
1X

k =1

� 1k (� k � � 11 )f k (57)

)
� 10 = 0

^ (� 1k = 0 _ � k = � 11 ) 8k ;
(58)

b ecause f k and the constan t are linearly indep enden t and (56) m ust b e ful�lled for all s. (58) implies that

the optimal resp onse g1 m ust b e an eigenfunction of D . As the � -v alue of the eigenfunctions is giv en b y

their eigen v alue, it is ob viously optimal to c hose g1 = f 1 . Note that although this c hoice is optimal, it is not

necessarily unique, since there ma y b e sev eral eigenfunctions with the same eigen v alue. In this case an y linear

com bination of these functions is also optimal.

Induction step: Giv en that gi = f i for i < j , w e pro v e that gj = f j is optimal. Because of the

orthogonalit y of the eigenfunctions the decorrelation constrain t (12) yields

0
(12)
= hgi gj i s = ( f i ;

1X

k =1

� jk f k ) = � ji 8i < j : (59)

Again inserting the expansion (55) in to eqn. (15) yields

0
(15 ;55)

= ( D � � jj )
1X

k =1

� jk f k � � j 0 �
X

i<j

� ji f i (60)

(59)
= ( D � � jj )

1X

k = j

� jk f k � � j 0 �
X

i<j

� ji f i (61)

20=
1X

k = j

(� k � � jj )� jk f k � � j 0 �
X

i<j

� ji f i (62)

)
� j 0 = 0

^ � ji = 0 8i < j
^ � jk = 0 _ � k = � jj 8k � j ;

(63)

b ecause the eigenfunctions f i are linearly indep enden t. The conditions (63) can only b e ful�lled if gj is an

eigenfunction of D . Because of Theorem 4 an optimal c hoice for minimizing the � -v alue without violating the

decorrelation constrain t is gj = f j .
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8.2 Qualitativ e Beha vior of the Solutions for inhomogenous mo v emen t

statistics

As seen in section 5.1.1 for the case where ps and K are indep enden t of s, the solutions of the eigen v alue

equation (20) generally sho w oscillations. A brief calculation for a 1-dimensional con�guration space sho ws

that their w a v elength is giv en b y 2�
p

K= � . It is reasonable to assume that this b eha vior will b e preserv ed

qualitativ ely if ps and K are no longer homogeneous but dep end w eakly on the con�guration. In particular,

if the w a v elength of the oscillation is m uc h shorter than the t ypical scale on whic h ps and K v ary , it can

b e exp ected that the oscillation �do es not notice� the c hange. Of course, w e are not principally in terested in

quic kly v arying functions, but they can pro vide insigh ts in to the e�ect of v ariations in ps and K .

T o examine this further, w e consider the eigen v alue equation (20) for a 1-dimensional con�guration space

and m ultiply it b y ps :

d
ds

ps (s)K (s)
d
ds

g(s) + � ps (s)g(s)
(17 ;20)

= = 0 (64)

W e can deriv e an appro ximate solution of this equation b y treating " := 1 =
p

� as a small but �nite p erturbation

parameter. This corresp onds to large � -v alues, i.e . quic kly v arying functions. F or this case w e can apply a

p erturbation theoretical approac h that follo ws the sc heme of W en tzel-Kramers-Brillouin (WKB) appro ximation

used in quan tum mec hanics. Kno wing that the solution sho ws oscillations, w e start with the complex ansatz

g(s) = A exp
�

i
"

�( s)
�

(65)

where �( s) is a complex function that needs to b e determined. T reating " as a small n um b er, w e can expand

� in orders of "
�( s) = � 0(s) + " � 1(s) + ::: (66)

where again the ellipses stand for higher order terms. W e insert this expansion in to equation (64) and collect

terms of the same order in " . Requiring eac h order to v anish separately and neglecting orders " 2
and higher,

w e get equations for � 0 and � 1 :

� 02
0 =

1
K

(67)

� 0
1 =

i
2

(psK � 0
0 )0

psK � 0
0

(68)

where the prime denotes the deriv ativ e with resp ect to s. These equations are solv ed b y

� 0(s) =
Z s

s0

s
1

K (x)
dx (69)

� 1(s) =
i
2

ln( psK 1=2) (70)

where s0 is an arbitrary reference p oin t. Inserting this bac k in to the ansatz (65), w e get the appro ximate

solution

g(s) = A(p2
s K ) � 1=4 exp

 

i
Z s

s0

s
�

K (x)
dx

!

(71)

This sho ws, that the solutions with large � -v alues sho w oscillations with lo cal frequency

p
� =K (s) and am-

plitude � (p2
s K ) � 1=4

. As large v alues for K indicate that the rat mo v es quic kly , this implies that the lo cal

frequency of the solutions is smaller in regions with larger v elo cities whereas small v elo cities, e.g. close to w alls,

lead to higher frequencies than exp ected for homogeneous mo v emen t. In tuitiv ely this means that the functions

comp ensate for quic k mo v emen ts with smaller spatial frequencies suc h that the e�ectiv e temp oral frequency of

the output signal is k ept constan t.
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Understanding the dep endence of the amplitude on ps and K is more subtle. Under the assumption that

K is indep enden t of s, the amplitude decreases where ps is large and increases where ps is small. In tuitiv ely ,

this can b e in terpreted as an equalization of the fraction of the total v ariance that falls in to a small in terv al

of length � s �
p

K= � . This fraction is roughly giv en b y the pro duct of the probabilit y p (s)� s of b eing in

this section times the squared amplitude K (s) � 1=2=p(s) of the oscillation. F or constan t K , this fraction is also

constan t, so the amplitude is e�ectiv ely rescaled to yield the same 'lo cal v ariance' ev erywhere. If p is constan t,

on the other hand, the amplitude of the oscillation is small in places where the rat mo v es quic kly and large

where the rat mo v es slo wly . This corresp onds to the in tuition that from the p ersp ectiv e of slo wness there are

t w o w a ys of treating places where the rat mo v es quic kly: Decreasing the spatial frequency to generate slo w er

output signals and/or decreasing the amplitude to 'pa y less atten tion' to these regions. There is also a strong

formal argumen t wh y the amplitude should dep end on p2
s K . As the optimization problem is in v arian t under

arbitrary in v ertible nonlinear co ordinate c hanges, the amplitude of the oscillation should dep end only on a

function of ps and K that is indep enden t of the co ordinate system. This constrains the amplitude to dep end

on p2
s K , as this is the only com bination that is in v arian t under co ordinate c hanges.

The k ey insigh t of this analysis is that the optimal functions sho w oscillations that are spatially compressed

in regions where the rat mo v es with lo w v elo cities. This implies that the spatial resolution of the SF A solutions

is higher in those regions. Consequen tly , the size of the place �elds after sparse co ding should b e smaller in

regions with small v elo cities.
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